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Classical partition relation

Terminology: inaccessible means strongly inaccessible.

Given any k < w and any coloring ¢ : [Q]?> — k, there is an X C Q order
isomorphic to Q such that ¢ uses < 2 colors on [X]?. That is,

Q — [Q]2<w,2'

This is due to Laver.
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Definition

Let x satisfy k<" = k. The set of x-rationals, written Q, is the unique
k-saturated linear order of size k.

In ZFC can we prove

QH - [QK]2<H,<UJ

for every inaccessible k?

Answer: no!
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The classical result does not directly generalize

Why not?

Theorem (Hajnal and Komjath [6])

Assume there are no Suslin trees of height wyi. Then after performing
Cohen forcing, there is a linear ordering 6 of size wy such that for any
linear ordering Q, there is a coloring ¢ : [Q]?> — w such that every subset
of © order isomorphic to 6 does not omit any color.

There is a forcing K, of size smaller than the first inaccessible cardinal,
such that after forcing with K, every inaccessible cardinal x satisfies

Qu 7 [QxlZ <o

K just needs to force MA(w1), and then add a Cohen real.
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Rectangles not squares (a polarized partition relation)

Instead of asking for a set X such that the pairs p € [X]? use few colors,
we could ask for sets A, B such that the pairs p € A x B use few colors.

[X]? is a “square” and A x B is a “rectangle”.

Fact: given any k < w and given any coloring c : [Q]?> — k, there are sets
A, B C Q order isomorphic to QQ such that ¢ uses 1 color on A x B. That

'S 1,1
Q Q\”
(@) - (@)
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Uncountable rectangle partition relation

Let k be an inaccessible cardinal. Let (%), be the partition relation

1,1
<Qm) R (Qn>
QK Qhﬁ <KZ,2!
Notice we are saying we can cut down to 2 colors, not 1. This is the best
possible when xk > w (see [10]).

HL®(2, <k, k) is a certain Ramsey theoretic statement.

Theorem (Zhang [10])

Let x be inaccessible and assume HL*(2, <k, k) holds. Then (x), holds.

Theorem (Zhang [10])

Assume that r is measurable in the forcing extension to add (2%)* many
Cohen subsets of k. Then HL*(2, <k, k) holds (in the ground model).
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Here is our main contribution:

Theorem (Dobrinen and H. [2])

Let x be inaccessible. Assume HL'*(2, <k, k) holds. Then it still holds
after performing any forcing of size < k.

| A\

Corollary

There is a model of ZFC with an inaccessible cardinal x such that (x), is
true after performing any forcing of size < k.

A\

So the rectangle partition relation (), can be made indestructible with
respect to small forcings, as opposed to the square version which cannot
(by the Hajnal and Komjath result).
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HL, HL, and SDHL

HL®™ has two simpler relatives: HL and SDHL.
We will not define HL'* (2, <k, r) (see [10] for a definition).
For an inaccessible x, HL*(2, <k, k) implies (Vo < k) HL(2, 0, k).

For an inaccessible x and any nonzero o < k, HL(2, 0, k) is equivalent to
SDHL(2,0, k).

We will define SDHL(2, o, k) on the next slide.

The proof that “HL™(2, <k, )" cannot be broken by a small forcing is
similar to the proof that “(Vo < k) SDHL(2, 0, )" cannot be broken by a
small forcing, just with extra complications. We will prove the SDHL
version to illustrate the method.
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A word about proving HL

HL(d, o, w) can be proved by induction on d < w (see [9]). The successor
step involves a fusion argument. This cannot be generalized to the kK > w
case because the intersection of a decreasing sequence of regular trees may
not be regular.

There is another proof of HL(d, o, w) (see [3]) which adds many Cohen
reals by forcing, and uses an ultrafilter in the extension to make selections.
This generalizes to the kK > w case if we assume that x is measurable in
the extension:

Theorem (Dobrinen and H. [1])

Let A > & satisfy A — (k)9. Assume & is measurable in the forcing
extension where we add A many Cohen subsets of k. Then HL(d, o, k)
holds (in the ground model).

(Woodin, see [4] for a proof): if GCH holds and & is (k + d)-strong, then
there is a forcing extension in which x is measurable and remains
measurable after adding A = k¢ Cohen subsets of .
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Some definitions

Let x be a cardinal. A tree T C <"k is regular iff
1) it is perfect,
2) every maximal branch has length &, and
3) itis a K-tree (every level T(a):= T N%k of T has size < k).

Note: If x is regular and there is a regular k-tree, then k is inaccessible.

Given sets Ty, T1 C <*k, the set To ® T7 consists of all the pairs
(to, t1) € To X Ty such that ty and t; have the same length.

A\

Definition
Given sets A, D C <Fx, we say that D dominates A iff each a € A is
extended by some d € D.

v
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A definition of SDHL

SDHL stands for “Somewhere Dense Halpern-Lauchli”.

Definition

Let 0 < 0 < k be cardinals. SDHL(2, 0, k) is the statement that given any
regular trees Tg, T1 C <"k and any coloring ¢ : To ® Ty — o, there are
levels | < I' < K, a sequence of nodes (t; € T;(/) : i < 2), and a sequence
of sets (X; C T;(/") : i < 2) such that each X; dominates Succr,(t;) and ¢
is constant on Xp ® Xj.

X . \\ >
\ — A\ r‘*"’"L\ ,
Y | \\\;//f y

Dan Hathaway, joint with Natasha Dobrinen HL and Forcing October 16, 2018 11 /20




SDHL version of main theorem: part 1

Theorem 1 (Dobrinen and H. [2])

Let 0 < 0 < k. Let P be a forcing of size < k. Then SDHL(2,0 - |P|, k)
implies 1 I-p SDHL(2, o, k).

Given a name T for a regular tree, let Der( ) be the set of all equivalence
classes of pairs (7, a) such that

1lkp (7 € T and Length(7) = &),

where (71, 1) = (72, a2) iff 1 Ip (71 = 72). Order Der(_T) by
[(71, @1)] < [(72,a2)] iff 1 IFp 71 C 72. Given X C Der(T), let Names(X)
be the set of names that occur in the elements of X.

Crucial Fact (the “Derived Tree Theorem”): Der( T) is a regular tree.
Also, given any [(7, )] € Der(T), the successors of the node named by 7
are all named by successors of [(7, )] in Der(T).
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SDHL version of main theorem: part 2

Let To, T1 be names for regular trees and let ¢ be a name such that
lp[c: i ® To — 5]

Let d : Der(Ty) ® Der(T1) — PP x o be any coloring such that for each
r = ([(70, )], [(71, ))),

First(d(r)) IFp ¢(70, 71) = Second(d(r)).

Apply SDHL(d, |P|- 0, x) to get | <" <, Xo C Der(To)(l’)

X1 C Der(T1)(/"), and nodes ty € Der(To)(/) and t; € Der(T1)(/) such
that X; dominates the successors of t; (for i =0,1) and d is
monochromatic on Xy ® Xi, say with color (p,d). By the Derived Tree
Theorem, p forces that ¢ is monochromatic on Names(Xy) ® Names(X7),
with color 4. Also, Names(X;) dominates the successors of the node
named by t; (for i =0,1). O
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<k-closed forcings

So now we know that SDHL, HL, and HL® cannot be broken by forcings
of size < k.

Here is another preservation theorem (but it does not hold for HL™):

Theorem 2 (Dobrinen and H. [2])

Suppose k is measurable and 0 < 0 < k. Let P be a <k-closed forcing.
Then SDHL(2, 0, k) implies 1 IFp SDHL(2, 0, k).

Ingredients in the proof (2 and 3 are in the next two slides):
1) a <k-closed forcing will preserve stationary subsets of .

2) if SDHL holds at a measurable cardinal, it holds on a measure one
(and therefore stationary) set below the cardinal.

3) if SDHL holds on a stationary set below a cardinal, it holds at the
cardinal.
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Downward (and upward) reflection at a measurable

SDHL(2,0, k) is a statement about V1.

The following proposition also works for either HL or HL in place of
SDHL.

Proposition (Dobrinen and H. [2])

Let Kk be a measurable cardinal with a normal measure . Fix 0 < o < k.
Then SDHL(2, 0, k) iff

{a < k:SDHL(2,0,a)} € U.

Proof: Let j : V — M be the ultrapower embedding.
Because Vi1 € M, SDHL(2, 0, k) < SDHL(2, 0, x)M.

By tos's Theorem, SDHL(2,0,x)M < {a < k : SDHL(2,0,a)} € U.
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Upward stationary reflection

The following is not true for HL®®.

Proposition (Dobrinen and H. [2])

Let x be a cardinal. Assume either

1) k is inaccessible or
2) cf(k) > w and & is the limit of inaccessible cardinals.
Assume that
S:={a < k:SDHL(2,0,a)}

is stationary. Then SDHL(2, 0, x) holds.

Proof: Let (T; C <"k : i < 2) be a sequence of regular trees and let
c:Q;i.p Ti = o be a coloring. If we can find an a < & such that each
T; N <%k is a regular a-tree and SDHL(2, o, ) holds, then we will be
done. An elementary argument shows that for each i < 2, there is a club
Gi C K such that (Va € GG) T; N <%k is a regular a-tree. The set [);_, G

is a club, so it must intersect S. An a < k in the intersection is as desired.
Dan Hathaway, joint with Natasha Dobrinen HL and Forcing October 16, 2018 16 / 20



SDHL at a not weakly compact cardinal

Let W be the statement (Vo < k) SDHL(2, 0, k).
Corollary (Dobrinen and H. [2])

Let k be measurable and assume W holds. Then after performing any
non-trivial forcing of size < x followed by a non-trivial <k-closed forcing,
W will still hold but x will not be weakly compact.

Proof: By a theorem of Hamkins [7], any non-trivial forcing of size < x
followed by a non-trivial <xk-closed forcing will make kK NOT weakly
compact.

Perform any non-trivial forcing of size < x over V to get V[G;]. This will
preserve W by Theorem 1. Now perform any non-trivial <k-closed forcing
over V[Gi] to get V[Gi][Gz]. Since k is measurable in V[Gi], by Theorem
2 we have that W holds in V[G1][G].
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Large cardinal strength?

Zhang [10] has independently shown that SDHL can hold at a cardinal
that is not weakly compact.

On the other hand, Zhang [10] has shown that HL(2, <k, k) implies that
K is weakly compact.

Can SDHL ever fail? \

In pacticular, does SDHL have any large cardinal strength?

Also, we must ask the following:

Can (), ever fail? \
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Thank You!
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